Abstract. A novel technique based on Schwinger's proper time method is applied to the Casimir problem of the M.I.T. bag model. Calculations of the regularized vacuum energies of massless scalar and Dirac spinor fields confined to a static and spherical cavity are presented in a consistent manner. While our results agree partly with previous calculations based on asymptotic methods, the main advantage of our technique is that the numerical errors are under control. Interpreting the bag constant as a vacuum expectation value, we investigate potential cancellations of boundary divergences between the canonical energy and its bag constant counterpart in the fermionic case. It is found that such cancellations do not occur.
Introduction
The effects of a classical static background field on the observables of a relativistic quantum field theory have been investigated in detail for quite some time. Perhaps the easiest way of distorting a free quantum field is to impose boundary conditions on a static surface. For the special case of an electromagnetic field, obeying boundary conditions on two parallel, uncharged and static plates, an atCorrespondence to: ralf.hofmann@uni-tuebingen.de tractive force was derived by Casimir as early as 1948 [1] .
About two decades later, great efforts were made to investigate more complicated geometrical arrangements of the boundaries for a variety of free field theories and boundary conditions [2] . In particular, following the development of the bag models of hadrons [3, 4, 5] , there has been increased interest in vacuum energies arising as a consequence of the boundary conditions on a static sphere.
More recently, such calculations have been extended to include interacting, renormalizable quantum field theories in the framework of perturbation theory [6] .
There are a number of approaches to calculating vacuum expectation values of field operators in relativistic quantum field theories. In general, one can classify these into two categories: local or global methods [2] . The global mode summation techniques avoid the explicit occurrence of divergences by analytical continuation (Zeta function regularization [7] , heat kernel expansion [8] ), whereas local methods take advantage of the fact that residual local divergences 1 manifest themselves only as nonintegrable infinities of density functions on the boundary [9] .
The main purpose of this paper is to present a consistent calculation of the regularized vacuum energy of massless scalar and Dirac spinor fields, that are confined to a static and spherical cavity, using the local stress tensor method [9, 10, 11] . The coefficients of the leading boundary divergences of the cavity energy have already been found elsewhere [10, 12, 13] based on asymptotic expansions. However, as one of these authors points out [13] , the validity of this method can be questioned. It is therefore useful to check these results using an alternative numerical procedure. Moreover, the method developed below gives also insights into the order of magnitude of the coefficients of subleading divergences and finite parts. In principle, these can be calculated to any given accuracy, 1 The free-space global divergence which renormalizes the cosmological constant is, in this case, already subtracted. This corresponds to the condition that the vacuum expectation values vanish in the case of a free-space theory.
but in practice constraints on the computational effort can cause the errors to remain quite large.
In the framework of the M.I.T. bag model [3] , there is for each field (scalar, fermionic and vector) a linear boundary condition that determines the eigenmodes and their energies. There is also a nonlinear boundary condition that guarantees the balance of the pressures at the boundary. The latter is usually taken into account in an average fashion, by minimizing the total energy of the bag with respect to the bag radius. Comparing the result of this minimization with the experimental data, a phenomenological value for the bag constant is obtained.
However, the nonlinear boundary conditions of the model can also be used to interpret the bag constant as a vacuum expectation value which makes this additional and rather artificial minimization condition redundant [12] .
This paper is organized as follows: In section II, we illustrate the local stress tensor method in the case of the straight-forward example of scalar and Dirac spinor fields satisfying linear boundary conditions on a plane. Wellknown results are reproduced using the momentum-space representations of the free-space propagators, the reflection method [14] , and Schwinger's spectral z-forms [15, 16, 17, 18, 19, 20, 21, 22] . Section III contains a derivation of the expressions for the 00-component of the canonical energy-momentum tensor, integrated over the angles, quently. An integration over a regularization volume yields the canonical regularized energy. Thereby an expansion in terms of the regularization parameter is derived from the expansion of the density into a Laurent type series [9] . In section IV, the expression for the fermionic bag constant is derived and evaluated in analogy to section III. In the last section, we summarize our results and compare them with those available in the literature, and subsequently, we discuss problems and speculate on their possible solutions.
Vacuum energy in half-space field theories
In this section a method for calculating the vacuum expectation value of the canonical energy density θ 00 is illustrated for half-space field theories. Let us consider a massless scalar field subject to Dirichlet (D) and Neumann (N) boundary conditions, and a massless Dirac field satisfying the linear boundary condition of the M.I.T. bag model
n := (0, 0, 0, 1), S := {x| x 3 = 0}.
Using the reflection method [14] , the half-space propagators read
where S 0 and ∆ 0 stand for the free-space propagators.
The structure of the canonical energy-momentum tensor θ µν (see for example [25] ) requires that, in order to obtain the (diverging) vacuum energy densities, some bilinear operators must be applied to the corresponding propagators.
For a massless Klein-Gordon field, we obtain
whereas, in the case of a massless Dirac field, the canonical vacuum energy density reads
where ∆(x, y) and S(x, y) denote the field propagators, respectively.
Let us now give a general illustration of the z-form method for the calculation of the vacuum expectation value of local field bilinears. As an example, we concentrate on the expectation value of a Lorentz scalar in a scalar field theory, characterized by the bilinear B.
2 This scalar quantity can be expressed in terms of the identity
Here ∆ 0 (x − y) stands for the free-space Feynman propagator, and B x,y denotes the point splitted version of B. In momentum space, the propagator is given by
and the application of B results in
where b is a polynomial in p 2 (in a scale invariant theory b
is just a power in p 2 corresponding to the mass dimension of B(φ(x), φ(x))). We now take the limit y → x and rotate to Euclidean momentum space
The (Euclidean) denominator can then be elevated into an exponent
and the remaining task is to integrate over the (Euclidean) momentum which involves (modified) Gaussian integrals dp
Calculating θ 00 for a massless scalar field, distorted by a Dirichlet plate at x 3 = 0, is now straightforward. The full propagator for this problem reads
Renormalizing the cosmological constant, by applying the bilinear operator of Eq. (7) to the difference of the halfand free-space propagators, yields finite results except at the boundary. In the case of Dirichlet boundary conditions, we obtain
while for Neumann boundary conditions we have
In the case of a massless Dirac field, subject to the linear boundary condition of the M.I.T. bag model for the quark field (see Eqs. (1)- (3), we obtain
This result is a consequence of the tracelessness of the energy-momentum tensor for this field [9] .
Vacuum energy in cavity field theories
In this section, we shall calculate the canonical energy density of the vacua of massless scalar and Dirac fields, confined to a static and spherical cavity with radius R.
After a brief description of the methods, the regularized vacuum energy is calculated for each field.
Massless scalar fields
In order to perform the free-space subtraction in the spherical symmetric case, we need to express the free scalar propagator in terms of angular momentum eigenstates using the Rayleigh expansion for plane waves
Applying the bilinear operator of Eq. (7) to this representation of the propagator, and performing in turn the angular integration, the summation over m and a Euclidean rotation yields, after introducing the z-integration according to Eq. (12),
For the cavity part, we obtain the vacuum expectation value of the canonical energy density by applying the bilinear operator of Eq. (7) to the cavity mode representation of the propagator (see Appendix A.1). A z-integration is introduced, which originates from a shift of the (Euclidean) momentum squared denominator of the propagator into an exponential, as discussed in the preceding section. Here the meaning of the term momentum differs somewhat from that of free space due to the boundary conditions, i.e. the analogue to the expression
in free space, is in the cavity
where ω denotes the arbitrary (off-shell) energy, and ε n,l stands for the energy of the mode, labelled by the radial quantum number n and angular momentum quantum number l.
The result of the free-space subtracted canonical vacuum energy density in the cavity is then θ 00 (r)
Here the a The calculation reveals a substantial difference between the Dirichlet and the Neumann case. The Dirichlet boundary condition yields a z-form that is integrable at z = 0, whereas the Neumann boundary condition leads to a nonintegrable z −3/2 divergence. We are able to show that this divergence is a global one, i.e. independent on r ′ := r/R.
It therefore resembles another volume divergence (as does the free-space global divergence), and hence it can be omitted through a renormalization of the cosmological constant.
Massless Dirac fields
Using Eq. (8), the mode summation representing the cavity Dirac propagator [15, 24] , the spherical representation of the free-space propagator, and introducing the Schwinger z-integral, we obtain, after an angular integration,
where
Here, q n,κ,µ (x) denotes the Dirac cavity mode, labelled with the radial quantum number n, the Dirac quantum number κ, and the angular momentum projection µ, as discussed in Appendix A.2.
Numerical evaluation of θ 00
Equations (22) and (23) In Figs. 1 and 2 , the y-forms for θ00 are displayed for the scalar Dirichlet and the Dirac case, respectively.
It is shown numerically that the region of small y, where the form is practically zero, moves to the left with increasing maximal energy ε max , whereas points to the right of this region remain unchanged. The y-form for θ00 in the scalar Neumann case contains a (under an increase of ε max ) stable and global, i.e. independent of r ′ , y −2 -divergence (see Fig. 3 ). The subtraction of this divergence amounts to renormalizing the cosmological constant and results in a y-form shown in Fig. 3 .
The error f (r ′ , ε max ) of θ00 due to the truncation of the sum over cavity energies in Eqs. (22) and (23) Following Deutsch and Candelas [9] , we may expand θ00 into a Laurent type series around r ′ = 1
To extract the coefficients of the negative powers in Eq.
(27), the function
is fitted to the calculated curve in the interval A value of N = 9 is used to obtain negligible fitting errors.
Fitting E L (δ ′ (r ′ )) to the polynomial
within the above interval, the expression for θ00 reads
The numerical errors of the coefficients c −4 , . . . , c −1 can be estimated by varying the interval
In our computations we vary δ and up to 130% for the coefficients of the leading, next to leading, and the weakest divergences, respectively.
In the literature, there have been several attempts to extract boundary divergences of θ00 or the canonical energy E(ε ′ ) using the asymptotic properties of analytic functions [9, 10, 12, 26] . The drawback of these expansions lies in the fact that one does not know the errors of the analysis [13] . In our calculation of the regularized energy, we start with a determination of θ 00 , where the only source of substantial errors is the fitting procedure to the Laurent type series. However, these errors can be estimated and made smaller in more extensive numerical calculations.
The regularized canonical vacuum energy
Following Bender and Hays [10] , we regularize the canonical energy E by integrating θ 00 (r ′ ) only to an upper limit of
where ε denotes the distance from the boundary. Using
Eq. (27), we obtain
The coefficients {c} of Eq. (27) 
for the divergent terms, whereas the coefficients of the positive powers of ε ′ depend also on the truncation number N . Since we are only interested in the limit ε ′ → 0, the only substantial coefficient of {c j | j ≥ 0} isc 0 , given bỹ
For the fermionic case, we may assume c −4 = 0. This is so for fermionic quantum fields because the canonical energy-momentum tensor coincides with the improved tensor, and hence it is traceless [9] . Table 1 
The fermionic bag constant
The bag constant B is introduced into the Lagrangian to achieve conservation of a Poincaré generator, i.e. the energy [3] . In bag model calculations B is determined using the minimization condition
where E(R) denotes the total energy of the bag. Milton [12] suggests that one should calculate the bag constant The expression for B MIT,q reads
and implies that the differential operator
should be applied to the difference of the cavity and the free-space propagator. We expect B MIT,q to be infinite.
In order to regularize it, we compute it at some interior point a distance ε away from the boundary, rather than at some point on the boundary, as Eq. (32) demands. For
we arrive at
There is no free-space part in Eq. (34) since Tr γ µ ≡ 0 for
The result of the calculation of the coefficients {c} in the expansion of the regularized bag constant energy
is displayed in Table 2 . Here we also list the set of coefficients in the expansion of the total vacuum energy
Summary and Discussion
The main purpose of this paper was to investigate the effect of a static and spherical boundary on the canonical vacuum energy densities of otherwise free massless expansions turn out to be less than 1% for the leading singularity, and up to 100% for the weakest divergences.
In general, the finite partc 0 could be determined to about 50% accuracy, using this method and the stated computational effort.
We can compare our results directly with those in the Table 2 ). Moreover, the coefficientc 0 in E gestions to introduce phenomenological parameters in the expression for the bag energy. These parameters could absorb the divergences. However, they should be determined experimentally [6, 12] , which is again unsatisfactory.
A possible extension of the work done here would be a more extensive numerical calculation (determination of the energy density at points closer to the boundary) to achieve higher precision for the coefficients of the subleading divergences and the finite part. 
A Cavity modes
Here, the eigenmodes and propagators for massless scalar and Dirac fields in a static spherical cavity of radius R are given [23, 24, 27] .
A.1 Massless scalar fields
The cavity modes of the massless scalar fields are given as
A mode representation of the propagator reads as
The energy eigenvalues ε n,l depend, of course, on the chosen boundary condition. In the Dirichlet case, we have the eigenvalue equation
and in the case of Neumann boundary conditions the eigenvalue equation is
The normalization constants N D n,l and N N n,l are given as
A.2 Massless fermion fields
The cavity modes for massless fermion fields satisfying the linear boundary condition of the M.I.T. bag model are given by the Dirac spinors
where χ µ κ (r) is the usual two-component spherical spinor.
Here n, κ, and µ denote the radial, Dirac, and magnetic quantum numbers respectively, and the radial functions g n,κ (r) and f n,κ (r) are given in terms of the spherical Bessel functions j l by
The discrete momenta p n,κ in Eqs. 
The normalization constant N n,κ in Eqs. (45) and (46) is given by N n,κ = (2ω n (ω n + κ))
Here we have introduced the dimensionless energy and momentum parameters
x n,κ = p n,κ R,
ω n,κ = sgn (n) x n,κ .
The cavity propagator for massless fermions can be rep- ω − ε n ± i0 ,
where the usual Feynman prescription for the poles is used. 
